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Motivation

How safe vehicle handing is retated to stability ?

N
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Motivation

Are handling/stability problems taught to engineers ?
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Motivation

How a stable vehicle follows the desired route/path ?

https://www.youtube.com/watch?v=sR2PP9gUalUg
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Terms, definitions, meanings related to vehicle handling

Steady-state cornering M

M dv* (wV‘“H)
((SV" (ZV) —ﬂ

] M(vYp =0)
Vehicle side slipangle: B = L ayg = Bo —apg I
Jo,

. ZH mlv U2

'3___- —

0 \Cqunl p —

Characteristic equation: 2% + 204 + v7 = 0

with
2 2
20.f — m(C(,leV + CaHlH) + JZ(C;V + COtH)
J,mv
and
/ ) 3 ; from M Mitschke, H Wallentowitz:
v = CO‘VCO‘HI + mv”(canln — CaVlV) %;\fmikder Kraftfahrzeuge, Springer,
5 =
J,mv?
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Motivation

Stability analysis and bifurcation theory provide an insight on big disturbances acting during steady state motion

25.02.2026 G Mastinu, M Plochl, AVEC™22
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LIMIT CYCLES

subthreshold subthreshold
| —

stable
limit cycle —__

ey
Control parameter ——
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Introduction

Transients and oscillatory motions related to limit cycles

01



Transients and oscillatory motions related to are «limit cycles»

Response to ANY type of disturbance

Steering Wheel Angle (deg)
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PHENOMENON - LIMIT CYCLE
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Oscillatory motions - Real scenarios

CORRIERE

https://video.corriere.it/video-embed/5339589e-d20a-4/81-9665-9198a3aa0xlk

IAVSD
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Oscillatory motions - Real scenarios

https://www.youtube.com/watch?v=-JZ-p9htCAg
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Oscillatory motions - Real scenarios

BREAKING NEWS

FOX 11| SPEEDING CARS CAREEN OUT OF CONTROLON I-5IN CASTAIC

BURBANK 67° =
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Mechanism of instability with driver control
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Simple vehicle and driver model

Driver steering control
5(t+ 1) =kpe(t) + kyé(t)
With

e = —yc — Lrcosy

e = —y; — Lsiny

L=T,u

4 Parameters: ky, kq, T, T

26
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Simple vehicle and driver model

road vehicle + driver

( V= i(Fyf +F3’r) —ur—

m Vehicle model

r = ]l(Fyfa —FE, b)
Yv=r

< ye = usin(y) + v cos(y)
ézm

01 = 0y

Driver model

. 6 72 .
52 = T_S(_5 — T61 _?52 + kpe + kde)_-

\
With
Fy; = f(a;,B;, C;,Di, E;) i ={f,71}

‘ DDE (Delay Differential Equations) vs ODE (Ordinary Differential Equations) ‘
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Simple vehicle and driver model - Linear Analysis

Straight motion, constant speed

Z = [U, r, l/}in' 51 51' 62] =0
7= Az - CagtCar _ aCay—bCortmu? 0 0 Ca s 0 0
a'Ca, nl_ubca,r CL2 Ca, Tn_ubg CQ,T G/C”'Z’
o fJu o fJu 0 0 J : 0 0
0 1 0 0 0 0 0
A(z=0) = 1 0 u 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
_ 6ky _ 6Lky _6kdu+Lkp _6kp 6 6 3
L T3 3 T3 T3 3 T2 T

Proof: there always exist a critical speed at which a Hopf bifurcation occurs

...either for oversteering or understeering road vehicles !

G Mastinu et Al. Global stability of road vehicle motion with driver control, Nonlinear Dyn (2023) 111:18043-
18059, https://doi.org/10.1007/s11071-023-08794-z



Simple vehicle and driver model - Linear Analysis

yA
yref _(J(,__[-%—C(l _a(/'ﬂ_f—b(}u,,»+n u? 0 0 & 0 0 T
T A
0 1 0 0 0 0 0
A(z=0)= 1 0 u 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
g Sk ghemth % g g
' ]SO 1 I 1 1 I I ]
cf 140 /
/ ] al Hopf Bifurcati
2 - r
. 120 _-:S "
1110 3 |
2F
100
TN |
6t (k/_ 90) w~124.5 km/h
_8 1 1 1 ' 80 _1‘5 1 1 1 1 1 1
-15 -10 -5 0 80 90 100 110 120 130 140 150

Re u [km/h]
(a) Root Locus (b) Maximum real part
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Validation: Dynamic Driving Simulator and road tests
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PHENOMENON - LIMIT CYCLE TRACKTESTS
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Validation: Dynamic Driving Simulator tests

POLTECNICONLAD Ji

)
~

aglone.
@ﬁvﬁbﬂ“‘“ e
- —— e i

Dynamic driving simulator (Human In the Loop) 14 DOF Complete Vehicle Model (VI-CarRealTime)
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Dynamic Driving Simulator tests - Lane Change

POLTECNICONLAD Ji

Reglon®.
VI
@Lomb . a\ ==

=

Dynamic driving simulator (Human In the Loop)

IAVSD .

August 18-22 2025

Shanghai
China

FIAVSD
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Controlled
—— Spin

2m Lane Change



— Contr(l)llcd

12 ; Controlled
: —— Uncontrolled
6t
B
S, 0} _
\aj
-6
12 - - -
-0.8 04 0 0.4 0.8

Oversteering Vehicle - 140 km/h Understeering Vehicle - 220 km/h
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Dynamic Driving Simulator tests - Saddle Cycle computation

Controlled
——Uncontrolled

f

\ \\\\\\\\\\ iy

-0.5 125
r [rad/s] 100 Uper [km/h]

H [ AVSD

44
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Y
Dynamic Driving Simulator tests - Saddle Cycle computation
Oversteering Vehicle - 140 km/h Understeering Vehicle - 220 km/h
10 Controlled 10
—— Uncontrolled
5 L
¥
T < 0
Sal
S5t

H [ AVSD
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H [ AVSD

IAVSD

nd Driver

ribe the Motion of Road Vehicle-a

a General Pattern to Desc

Limit Cycle as
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Effect of ESP On/Off on Saddle-Type Limit Cycle

- ESP OFF - Sinusoidal steering

150 km/h

ESP OFF - Kickplate

150 km/h -

-15 L

-20

1.5

-1.5

r [rad/s]

r [rad/s]

Different disturbance, same limit cycle
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Effect of ESP On/Off on Saddle-Type Limit Cycle

150 km/h - ESP ON - Kickplate 150 km/h - ESP ON - Sinusoidal steering

20 T T T T T 20

T
Uncontrolled

B [deg]

Different disturbance, same limit cycle



safety comfort

HOW TO EXPLOIT THE
KNOWLEDGE ON LIMIT
CYCLES?
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Using limit cycles to detect instability
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Detection of Instability - Analysis of orbits near the limit cycle

Linearization of EOM near the cycle
z=f(z), z€R"

2(t) = zo(t) + &(¢)

[\ X\

Trajectory LimitCycle Deviation

£(t) = A(t)&(t)| Variational equation

T-periodic Jacobian A(t) = A(t+T)

51
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Detection of Instability - Analysis of orbits near the limit cycle

Floquet Theory

§(t) = Cz€ Floquet exponents
1=1 / \

= clP(t)’Uleklt + CQP 'U2€k2t + ...+ CnP<t)’Un€knt

« Small deviations from the limit cycle decompose into
exponential modes

« Stable modes: R(k;) <0
 Unstable modes: R(k;) > 0

« Eigenvectors v; define directions of growth/decay

Vehicle-and-driver model: saddle cycle with only one unstable mode

52
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Detection of Instability - DoS Index

f = CyVy T CsVs

We can predict how the motion will evolve by evaluating
the current position of the system’s state relative to the
cycle’s manifolds

Projection on the unstable manifold (c,,)

Stability (c, > 0)
Indicator of <
Instability (c, < 0)

l

wecallo,a Degree of Stability (DoS) index

53



STABILITY + STAY IN THE LANE

S~
~
~~ ———
. ~— —
Maximum S~ //,,f’
d .. \\\\\ _—
eviation ———_ - C i
S SeSSes=e= - onstraint
respected
\\\
~ s -
\\\ ’——__,_.——
—
\\\ /”’/
S~ -
\\ // C .
S - onstraint

not respected

Path to follow
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From stability to safe sets

5 I I

4 + |— — —Desired trajectory
Constrained trajectories

3r Violating trajectories
Lateral limits

Kick-plate disturbance

50 100 150 200 250 300

Same venhicle, using a human driver. Driving simulator
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From stability to safe sets

20 I I I

15

X

Cycle data

Constrained trajectories
Violating trajectories
Safety set limit

_
S
T

_
(U
T

1.5

56

Use the filtering criteria to identify a safe
set for the system in the testes
conditions.

RMS minimization approach to
approximate the safety set limits

f(s) =ay+ Z?Q (ai COoS [(27s) + b; sin —i(zns))

Stot Stot

Sum of sinusoidal to approximate with a
function the Safe set in the 4 considered
system’s states:

* B, sideslipangle
* 1, Yyawanglerate
« d, steeringangle
« f, rollangle
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From stability to safe sets

s ——KP (ESP off)
| | | | —— SW (ESP off)
— . . . . . 10t ——__ SLC (ESP off)

Y [m]
() 1=
: |
| |
| |
| |
| |
| |
| |
| |
I |
| |
| |
| |
/I f]
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ff
//
.f}
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() V)

] o
/
7
/
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!
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|
|
|
|
|
|
1
|
|
|
|
|
=
|
1
1
()]
T T
1

320 340 360 380 400 420 10+ S ]
X [l
_15 1 1 1 1 1
-1.5 -1 -0.5 0 0.5 1 1.5
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Road trajectory Phase plane trajectory
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Model-less Safety Index

Considerations on safety cycle

Model-less approach

T T
x  Cycle data
—— Constrained trajectories| |
— Violating trajectories
Safety set limit

Radius / R=inf
velocity

| 100
z, . kmi/h SSh SS; SSp
.{Z j S S Sem
250
20 km/h SS1m SSim SSnm

i

Interpolation to obtain
an approximated
safety cycle in every
condition
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Model-less Safety Index

Definition and computation

1. Normalization of the safe set
limitin [-1,1] for every state

2. Computation of the surface
passing through the normalized
safe set

3. Projection of the normalized
System’s orbit onto the surface

4. Computation of the minimum
distance(ls,l) between the
analyzed point (projected) of
the orbit and the safe set limit Surface

5. Computation of the sign of the
safety index (positive if inside
the Safety cycle)

System'’s orbit
i (normalized, projected on
the surface)

Normalized Safety set limit



MOTORSPORT

Safety index for Motorsport

Track application, non-violating manouver

800 T T T ]
. 9b 10 |— — —Ideal trajectory
pp— / / 1 |
600 - : _ &
| 13 12a
/ I
400 | 5? f 14 12b ] i
— 15| N =
o Da
200 - 4|
16
0 S e 17 -
F 4 b
20 ,
/ 18
: 19|
2200 ™ | | | | |
-600 400 =200 200 400 600 Su

0.8

0.6

0.4

-0.4

-0.6

-0.8
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Safety index and ESP

Single Lane Change, non-violating manouver

0.5
0
0.5
|
120 340 360 380 400 420 S
1 . . Xl . . 1
';-:: .
s, \.ﬁ_ | ¥
&0 | 0
o
%
c 05T - Il -0.5

1
—

1
—

320 340 360 380 400 420 Su
X [m]

Projection surface
Safe set limit

0.8

0.6

0.4

0.2
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Safety index and ESP

Single Lane Change, violating manouver

5 F T T ~ T T T | — ]
_ “
___________ N : h
SN 0.5
" ,
e “ I e en e el S L S v IRl s S R e Py i e
g ,l §F§§\ ;
E
-0.5
-5 ' ' -1
320 340 360 380 400 420 Su
1 | | X [y | :
0.5 \ 11105
Ry \
2 1} =,
® o5t ol EE
_] | | | | | | _]
320 340 360 380 400 420 v
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T 1
/ Projection surface
35 Safe set limit

5 [deg) 20

B [deg]
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Conclusions
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Conclusions

1. LIMIT CYCLES DO EXIST AND ARE FUNDAMENTAL TO UNDERSTAND ROAD VEHICLE TRANSIENT
MOTION AFTER A DISTURBANCE

2. LIMIT CYCLE CONCEPT MAY BE USED FOR IMPROVING THE ACTIVE SAFETY OF VEHICLES

65
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